
Mathematics 111, Spring 2009
PRIVATE 


Lab Activity #4, Second Derivatives and Non-Differentiable Points
You should do this (and every) lab activity with a partner, two students/machine. 
Don’t rush!!! Take your time and understand what you’re doing!

Step 1. Log in and launch Mathematica.

Step 2.  The Second Derivative
If you take the derivative of the derivative of a function f , what do you get?  Well, it’s a function which measures the rate of change of the rate of change of  f . We denote the second derivative of  f (x) by  f ' ' (x).

1. Have Mathematica  graph the function  f (x) =  x3 - 4x  on [-2, 2] . 

On what intervals is this function concave up? _______________

Concave down? ________________

Note that when a curve is concave up, its slopes are increasing, or, said another way, the rate of change of the rate of change is positive!

2. Let Mathematica calculate the second derivative of  f :  This is just  f ' ' [x]  (two single

quotes , not one double quote!)._________________________

 Use the Power Rule to check that this is right.

3. Have Mathematica  graph  f ' '  on the same axes as  f (in different colors you choose) .

 Is it positive exactly when  f  is concave up? _________________

 Is it negative exactly when  f  is concave down? _________________

 What about at x = 0? Here the concavity of  f  is 0. What does that mean???  

Call me over, show me this graph, and explain the relationship of  f  and  f ' ' .

4. Repeat 1-3 above with the function  f (x) = -x4 + 4 x2 (on the same interval).  In question 3, at what x’s is the second derivative now 0 (not  x = 0 in this case). Look at the concavity of  f at those points. Is this making sense to you? Don’t call me over this time, but also don’t go on until it does make sense.
5. Repeat 1-3 for the function  f (x) = sin(x) on  [-2(, 2(] . In this case you can’t use the Power Rule to check Mathematica’s calculation of  f ' '  (why not?!?), so you will have to take their word for it. But be sure that it makes sense to you in terms, again, of  
f ' '  being positive exactly when  f  is concave up, etc. 


A point x where the second derivative of a function  f  is  0  may (but not for certain) be a place where the concavity changes from being up to down or conversely. Such a point is called an inflection point of  f  . Where are the inflection points of the Sin function? 

6. Finally, repeat 1-3 for the function ln(x) (recall, this is just Log[x] in Mathematica) on the interval [0.5, 10]. Does the second derivative make sense? Are there any inflection points? 

7. What are the inflection points of  f (x) = ½ x4 – x3 – 6x2 + 5 ? ______________________

Identify them both by using calculus and algebra, and by looking at the graphs of 
 f  and  f ' '  .  Call me over.

Change typists now!!


Step 3.  Non-differentiable Points on Functions

We know that if a function  f  is discontinuous at a point x , then the graph of  f  breaks apart at that point. It is a fact that at such a point ,  f  can’t possibly have a derivative! (To see this, note that at such a place, the numerator of the difference quotient which defines the derivative is not going toward zero, and that means the limit, i.e. the derivative, can’t exist at that point.) But is it possible for a function  f  to have point  x  where it is continuous, but still the derivative does not exist at that point? The answer is yes! Such a point is called a non-differentiable point of  f .

1. Have Mathematica  graph the function  f (x) = |x – 2|  on [0, 4]. In Mathematica, this is denoted Abs[x – 2]. Look at the graph. 

What is the slope of  f  at  x = 1?  _______________  At  x = 1.5? ______________

What is the limit of the slopes of  f  as you come in from the left?  _____________

Now, what is the slope of  f  at  x = 3? ______________  At  x = 2.5?  _____________

What is the limit of the slopes of  f  as you come in from the right? ______________

 The fact that these are different means that  f  does not have a well-defined slope at  x  = 2,  so  x = 2 is a non-differentiable point for  f . Note that at that point, the graph of  f  has a sharp bend.

2. Zoom in on the function  f (x) = |x – 2|  at the point x = 2, i.e., look at it on very small intervals around 2. Notice that no matter how closely you look at this function at 2, it still has a sharp bend, i.e., it in not “locally linear”. This indicates non-differentiability at this point.

3. Now let’s consider  f (x) = x3. First, compute the equation of the tangent line to

 f  at x = 1. Answer __________________________



Now plot f and this tangent line together on the interval [0, 2].  The function is clearly 
      bending at x = 1, right? But now zoom in on the function at x = 1 (i.e., look at this plot on 
      shorter and shorter intervals centered at 1. The closer you look, the more the graph should
      look like the tangent line. This means that f (x) = x3  is “locally linear” at x = 1, so it is
     definitely differentiable there.


Show me this please.
4. Use Mathematica to discover the non-differentiable points of  f (x) = | x3 – 3 x2 – 10 x| . (There are three).  
5. Do the same with  f (x) = |sin(x)|. (There are infinitely many, of course, since sin is periodic!)

6. Do the same with  f (x) = |x2 – 2 x – 3| + 3 x – 1 .  

What are the coordinates (x and y) of the non-differentiable points of this function?

______________________________________

Note: Here’s a way to have Mathematica tell you the coordinates (approximate) of any point on a graph. From the top tool bar, just select Graphics, then Drawing Tools, and then the icon on the upper right in the dialog box (dotted axes). Now put your mouse over the graph. Cool, huh? This feature is new to Mathematica 6.0.

Call me over please.
7. Finally today, here’s a weirder example. Consider the function defined on [-(, (] by   f (x) =   x sin(1/x) if  x ( 0  and  f (0) = 0. Have Mathematica plot this function for you, simply by entering the first part. Funny looking, huh? This function is continuous at 
x =  0, but the question is: Do you think it has a derivative there? 

Zoom in on this function near 0 as much as you like (i.e., make the interval around 0 on which you are plotting smaller and smaller).

Does it look like the slopes are approaching a limit (or, put another way, does this function seem to be “locally linear” at x = 0)?    ________________

After you’ve got an opinion, call me over to hear what your conclusion is.
See you Wednesday.

