Chapter 7: Probability and Samples: The Distribution of Sample Means

Note the return of Tversky and Kahneman (as well as a balls-in-urn problem). Do you see the point that Tversky and Kahneman are making? Let me rephrase the problem in the context of the statistics that we’re discussing. Suppose that you took a sample of 5 scores and got a mean of 80. Suppose that you took another sample of 25 scores and got a mean of 79. Which of the two samples would be better evidence that the population mean () from which the samples were drawn was 80? In this chapter you’ll learn about a concept and a distribution that will help you address such questions.

• Sampling error is the discrepancy, or amount of error, between a sample statistic and its corresponding population parameter. Suppose that you are interested in estimating a population mean (). What could you do to maximize the accuracy of your estimate? Stated another way, what could you do to minimize sampling error?

• To address this issue, we need to talk about a new kind of distribution, called a sampling distribution.  A sampling distribution is a distribution of statistics obtained by selecting all the possible samples of a specific size from a population. For our purposes, we’ll only be interested in the sampling distribution of the mean.

• The sampling distribution of the mean is the collection of sample means for all the possible samples of a particular size (n) that can be obtained from a population. In the notes from Chapter 4, I actually introduced you to the notion of the sampling distribution of the mean. As you’ll recall, you took every sample of n = 2 from the small population of 1, 2, and 3. In your text, G&W illustrate the sampling distribution of the mean for a population with four members (2, 4, 6, and 8). The population would have  = 5 and  = 2.24. The sampling distribution of the mean for a sample size of n = 2 is illustrated below (like Figure 7.3). 
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• You should note a number of interesting characteristics of this sampling distribution. First of all, it is centered around 5, which is the mean of the population. Second, extreme scores occur less frequently in the sampling distribution of the mean, an indication that it is less variable than the population.

	What is the probability of obtaining a score of 2 from the population?


	

	What is the probability of obtaining a score of 2 from the sampling distribution of the mean?
	


• You can compute the standard deviation of this sampling distribution of the mean (because it’s a fairly small distribution), but the preceding computations should convince you that the sampling distribution of the mean will be less variable than the population from which it was drawn. If we were to compute the standard deviation of the sampling distribution, we would compute the SS and divide by the number of means (16), and not 15. Can you articulate why that would be the case? The standard deviation of this sampling distribution of the mean would be 1.58, which is less than  (2.24). 

• You should also note that the population was flat, but the sampling distribution of the mean is unimodal and symmetrical. 

• These observations about the sampling distribution of the mean actually generalize. We can make this general statement as a theorem, which has all sorts of important concepts embedded within it.

Central Limit Theorem: For any population with mean  and standard deviation , the sampling distribution of the mean for sample size n will have a mean of  and a standard deviation of 
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 , and will approach a normal distribution as n approaches infinity. 

• The sampling distribution of the mean will be centered around the same value as the population (). Thus, even though a given sample mean might differ from , the typical (average) sample mean (
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) will be equal to . Thus, the mean of the sampling distribution of means is called the expected value of 
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• The sampling distribution of the mean will be less variable than the population from which it was derived except for one very strange case, in which the sampling distribution of the mean will have variability equal to the population. What’s that case? 

• Not only do we know that the standard deviation of the sampling distribution of the mean will be less than the population standard deviation, we know by exactly how much. So, a sample size of n = 4 will yield a sampling distribution of the mean whose standard deviation is exactly half that of the population.

• Because of the importance of the standard deviation of the sampling distribution of the mean, we give it its own name—the standard error (the standard distance between 
[image: image5.emf]








   

X 

 and ). (And it’s sure a lot easier to say!) The symbol for the standard error, and its formula are seen below:
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• Note that the theorem says nothing about the shape of the population. Even with a very weirdly shaped population, the sampling distribution of the mean will be normal with a sufficiently large sample size. If the population is normally distributed, then the sampling distribution of the mean will be normally distributed. The more the population departs from normal, the larger the sample size needed to make the sampling distribution of the mean normal.

Probability and the Sampling Distribution of the Mean: Back to the Unit Normal Table

Just as you can standardize the scores in a distribution of raw scores (like a population), you can also standardize the scores in a distribution of means (the sampling distribution). The formula should be readily predictable, using the general notion of a standard score:
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You should note the important changes, however. For instance, what kind of score are you attempting to standardize? You’re not dealing with a raw score (X), but with a sample mean (
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). What kind of distribution are you dealing with? It’s not a distribution of raw scores, because the mean is 
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 and the standard deviation is 
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. You’d only get that mean and standard deviation in a sampling distribution of the mean. 

To see how profoundly these changes affect what you’re doing, let’s return to the population of gestation periods, with  = 268 and  = 16. Now, however, we’ll deal with sample means instead of raw scores, which places us in sampling distributions of the mean.

	Question
	Distribution
	Answer

	In samples of n = 4 women, what proportion of mean gestation periods would equal or exceed 268 days?
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	In samples of n = 4 women, what proportion of mean gestation periods would equal or exceed 240 days?
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	In samples of n = 4 women, what proportion of mean gestation periods would fall between 260 and 280 days?
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	In samples of n = 4 women, what proportion of mean gestation periods would be less than 250 or more than 290 days?
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	In samples of n = 4 women, what proportion of mean gestation periods would fall between 270 and 280 days?
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	What are the mean gestation periods of the most common (middle) 95% of samples of n = 4 women? 
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	95% of samples of n = 4 women have mean gestation periods less than what value?
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	What are the mean gestation periods of the middle 64% of samples of n = 4 women?
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	What mean gestation period is associated with a z-score of    –1.5, and what proportion of samples of n = 4 women would have gestation periods that short or shorter?
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To illustrate the important influence of sample size on standard error, let’s consider a series of questions that appear (on the surface) to be quite similar.

	What proportion of women would have gestation periods between 260 and 276 days?
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	What proportion of samples of n = 4 women would have mean gestation periods between 260 and 276 days?
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	What proportion of samples of n = 16 women would have mean gestation periods between 260 and 276 days?
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	What proportion of samples of n = 64 women would have mean gestation periods between 260 and 276 days?
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	What proportion of samples of n = 256 women would have mean gestation periods between 260 and 276 days?
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To illustrate the sorts of probability problems that you might face, especially when you need to distinguish the type of distribution with which you are dealing, consider the following problems:

1. You are interested in the typical length of books in the library.  (Why are you interested in something so silly?) Suppose that you know that the entire collection (population) has a mean of 250 pages and a variance of 10,000 pages2, and that the distribution is normal.  What percentage of the books is between 200 and 300 pages in length?  Between which two page lengths would 95% of the books fall?

2. What is the probability of drawing a sample of 25 books from this population and having the mean of the sample fall between 200 and 300 pages in length?  With samples of n = 25, the means of the middle 95% of the samples would fall between which two page lengths?  What would happen if the sample size increased?  Decreased?

3. A manufacturer of flashlight batteries claims that its batteries will last an average of  = 34 hours of continuous use.  Of course, there is some variability in life expectancy with  = 3 hours.  During consumer testing, a sample of 30 batteries lasted an average of only 32.5 hours.  How likely is it to obtain a sample that performs this badly if the manufacturer’s claim is true?

4. Boxes of sugar are filled by machine with considerable accuracy.  The distribution of box weights is normal and has a mean of 32 ounces with a standard deviation of 2 ounces.  A quality control inspector takes a sample of n = 16 boxes and finds that the sample mean is 31 ounces of sugar.  What is the probability of obtaining such a sample with this much shortchanging in its boxes?  Should the inspector suspect that the filling machinery needs repair?  (G&W6, Ch7#26, p. 228)
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