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Scakbered spaces

o In topology: A space W is scattered 2 every non-
emp&j subset T conkains a pom& tsolated in T.
[Cankor 1%72]

o In projective geomebry: W is scattered wark. a set of
su.bsrmcas D, b W intersects each element of D in ak
most a point. (Motivaked bj the theory of blocking
sets i projective spaces over finite fields [Ball-
Blokhuis—ML Rooo])



NOTATION AND TERKMINCLOGY

Vector space <-» Projective space
\i:\e’(&r\,q) <> PGE(V)=P&(n ,q)
subs[po\te U <=> subsPaﬁe P(U)

dim(U0) = dim(P&0))



Scattered spaces in Galois geomelry

o D= any set of su,bs[mces T \e’(ﬂ,q)ﬁ

o A subspace W is scattered wank. D <=> vReD: dim(WnR) € 1

o In this talle D will usually be a spr@.&c&
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Partition of V\{o} by subspaces of constant dimension

‘Projeaﬁva space pie&ure:




Let D be a spread of PG(n-1,9)

B(W):={R i D : dim(WnR) 2 1}

If W is scattered and dim W = d then [B(W)|=(g* -1)/(9-1)



Recent worlk relaked ko scakbered spaces

(in alpkabe&i&at order)

S. Ball, S. Barwick, A, Blokhuis, B. Csa jbdl,

Gr. Donaki, N, Durante, W, Jackson, &, Lunardon,
¢, Marino, 0. Polverino, R. Trombetti,

3. Sheekey, G. Van de Voorde, C. Zanella
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PART I Basic theory and constructions
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1.1 First axamgte: Line spread D i ‘P’G(&’,q)

(a) every line not contained in D is scattered;

(b) no plane is scabbtered

qz-&—l Llines

qzﬂ—q*l Emm&s

(a),(b) => scattered space has pra«\j‘ dim. € 1



1.2 Second example: plane spreaci LA ?G(ﬁ,q)

(o) every Line not contained in an element of S is
scattered;

(b) no solid is scattered, since |Dl=g3+1;

(c) does there exist a scattered plane?



Maximal and maxinum scabbtered

Leb U be scabbered space w.rt D

o U is called moaxinal scattered if U is nobt contained in
a larger scattered space

o U is called maximum scattered i any scattered space
T woak. D has dimT € dimU



1.3. Lower bound on wmaximal scabtered spaces

Theorem 1 If U is maximal scattered wart. a b-spread in
V(rt,q), then dim U z (rk-£)/2 + 1.

Proof If U is scattered, then <Ux> is NOT scattered ff x is
contained i some <R,U> with ReB(U). Counting all such x
gives (m=diml)

(qm'r-&ml__qm)(qm~1+qm~2,}_qm“3.,.‘ ; '.,.q.,.l).,_qm

which should thewn be compared to the |[V(rt,q)l=q™. .



Back to a thame sgreo\d LA ?G(ﬁ,q)

Suppose U in V(6,9) is maximal scattered. Then

(a) dim U 2 2

(b) dim U < 4

(€) Theorem 1 (r=2,t=3) => dim U 2 3/2+1 => dim U 2 3
(a),(b), (&) = PG(U) is plane in P&(5,9)

NOTE: moaxinum 2 moaximal i Ehis case



1.4 Upper bound on scaktered spaces

Theorem 2 If U is scattered wart. o t-spread in V(rt,q), then

REMARK: The bound from Theorem 2 is sharp -» “scattering
spreads"



1.6 Changing the problem: “scattering spreads”

Griven a subsyaae U, can we find a spread S, such Ehat U is
scatbtered w.rk. $?

Theorem 3 If dim U € rb-t, then there exists a spread § such
Ehat U is scattered w.rt. S.

Theorem 3 => bound from Theorem 2 is sharp.



1.6 Desarquesian spreads

o Spread § —> £(S) design with parallelism

@ S is o Desarguesian spread if £2(S5) is a Desarguesion
aﬁime space

o Drq = Desarquesian t-spread in V(rtq)



1.6 Desarquesian spreads

Theorem 4 If U is scattered w.rk. Drq then dim U € rt/2,

Corollary § A maximal scattered space U wank Dryq sakisties
(rb=t)/2 + 1 € dim U £ rb/2.

Corollary & If b=2, then a maximal scattered space w.r.b. Driq
L5 maximum scalttered and has dim = r.




1.6 Desarquesian sFreac&s

Theorem 7 If r is even, then the upper bound rt/2 is sharp.

Lower bound for a maximum scattered space:

Theorem ¥ The dimension of a maximum scattered space
Wb Drg s 2r'k where vy (7,B)=1, and r'ik is maximal
such thak

k < (rk-t+3)/2 for q=2 and r'=1
and

r'l¢ < (rb=b+r'+3)/2 otherwise.



1.7. Many open problems!
Determine the exact dimension for maximum scattered
spaces w.rb. Driq (for r odd).

What is the minimum dimension of maximal scabtered
spaces Wb Drbqo?

What is the dimension of the second largest maximal
scattered spaces w.nkb, Driq?

Can we determine the spectrum of maximal scattered
spaces w.rikt. Driq?

Constructions! (gqeometric, polynomial mebhod, kensor
products, S}
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1. Translation h:jpemov&ts

Scattered t-space in V(2E2) w.art t-spread $ <>
translation hyperoval in the projective plane AZE(S)
(André-Eruck-RZose)

[Denniston 1979], [0'Keefe-Pascasio-Penttila 1992], [Jha-
Johihson 1992], [Cherowitzo 2010]



2. Fleld reduction and Linear seks

Field reduction map & \i(r,q&)wr\f(r&,q)

0 Drig ={Friqlevr)iveV\{o}} is a Desarg. t-spread
o If UcV(rtq) => BU)cPG(r-1,9%)

o BL) is called an Fo-linear set

o dim U = rank of the Linear set B(U)

?rayosi&mh 9 An Fo-linear set B(U) in PG(r-1 ,q&) has
maximal size (wrt. ko ks rank) f U is scattered w.r.t.

"D'r,E,q

(more on this by B. Csajbok this afternoon)



3. Two-inkersection seks

Wirt. hyperplanes in PG(r-1,9":
o Type 1 U E=2u, union of ?G(rwl,q”)’s

o Type 2: if r=2s, then union of (s-1)-dim subspaces

Theorem 10 [Blokhuis-ML 2000] 1f U is scattered w.r.t.
Drtq of dim rt/2 then B(U) is a two-intersection set w.r.t.
kvparpiames i PG(r-1 ,qﬁ), praje«:&v&tv inequivalent to the
sets of bype 1, 2.

two-intersection sets “of scattered bype”



4. Two-weight codes

Each two-intersection sek gives a two-weight code.

Theorem 11 [Blokhuis-ML 2000] A scattered space of
dimension mzrt/2 wrlb. Dryg gives rise to a linear
[(q“"wl)/(q*l),r]ﬂ:oda with weights

9" H9"*-1)/(g-1) and gmti(g-t-1)/(g-1).

It follows from Theorem 10 bthat scaobtered bwo-weiqht
codes are ineguivalent to the ones arising from sebs of
type 1 and 2.



5. Blocking sets

[Blokhutls, Storme and Szonyl 1999] showed that an s-fold
blocking seb in ?G(Z,q‘*) of size s(q‘*+1)+c with s and ¢
small enough contains the union of s disjoint Baer
subplanes.

In [Ball-Blokhuis-ML 2000] a scattered Linear set of rank
& is constructed, which gives a (gri)-fold blocking set of
size (g+1)g*+rgi+l) in PGR,9*) (r=3,t=4) which is not the
union of Baer subplanes.



5. Blocking sets

Theorem 12 [Blokhuis-ML 2000] A scattered subspace W of
dimension m wrlb, Dryq induces a (#1-1(9))-fold blocking
set B(W) w.rk. ((rt-mri)/b ~1)-dimensional subspaces in
P&(r-1,9"), of stze pui(q) where 1€kém and b | m-lk,

Previous result [Ball-Blokhuis-ML 2000] for m=6, r=3, k=4,
le=2:

ri-i(q)z palqd= g+l
(rb=mrie) b 1= (12-6+2)/4-1= 1

PG {r-1 ,cf:).: PG{(2 ,q“")



6. Embeddings of Seqre varieties

Theorem 13 fML*Skeek‘ev~ZameLLa 014 ]

If U is a maximum scattered subspace w.arkb. Datq then BU)
(in ‘?G(zE-l,q)) is a minimum embedding of the Seqre
vo\ri,@iv ‘S&,&(q).

(Matural embedding is in PG(t-1,9))

This minimum embedding turins out to be quite an
thteresting hjpersurf&«te



7. Pseudo-requlus

Greneralizes the concept of a requlus in PG(3,9)

requlus pseudorequlus

q+1 lines

qrl Eransversals 9 Basversals
o [Freeman 19%0] ?(‘5(3}q2); rb/2=4
o [Marino et al. 2007] PG(3,9°): rt/2=6
o [ML-Van de Voorde 2013] PG(2n-1,9%): rt/2=3n

o [Lunardon et al. 2014 ] PG(2n-1 ,qE): rt/2=nkt



%. Splashes of subgeometries

S(17,Le0)

P&(2, q&>

T=P&(2,9)
[Barwick-Jackson 2014, 201*] PG(2,9%)

[ML-Zanella 2015] PG(r-1 ,q&) + characterisation of
scatbtered spiask@,s

Loo



9. MRD codes
(see talie by 3. Sheekey on Friday)
Scattered space of dimension n in V(2n,9) -» MRD code of
dimension 2n over GF(q), and minimum distance n-1,
=» Ur: (0f0) and Da @ (x,ax)  (x in GF(g))
=» UnDa : $x)=ax <=> (f-a)(x)=0
-> Us scattered => ker(f-a)<1 for all o%a in GF(g")
-> rank(arbf) 2 n-1, for all ab in GF(g"), (a,b)%(0,0)

-» Cf= <1,4> is an MRD code



10, Semifield theory

Finite non-associative division algebras: same axioms as
for a finite field, but we do NOT assume commutativity
and associativity for mulkiplication,

First studied by L. £, Dickson (1906)

Example: Greneralized Twisted Fields (GTF) (Albert 1960)
(GF(Q )+ ) Xy = xy - tx“vb

where Fix(a)=Fix(p)=F, and N(c)=1



A recent cownsktruction

{ﬁemywotﬂ: 2013]: kramslakion planes and semifields from
Dembowski-Ostrom polynomials

S(F1, F2) = (Fgp» x Fyn, +, %), whose multiplication is given by

(u,v>*<x,y)=(u,v)( > Y ) (%)

Fi(y) §&§F(x)

A) Fi(x) = Fy(x) = A, ,(x) = x? —ax? suchthatgcd(n,r) = 1anda is an element
of IFZ,. with N,(a) # 1, where N, : F,» — I, denotes the norm function from F,»
over F,;
B) Fi(x) = Fy(x) = By ,(x) = 2Hb—’r1 (x) —x such  that H,(x)=x — bx?,
ged(n,r)=1and b € F}, with N,(b) # *1;
AB) Fi(x) = Ap ,(x), Fj(x) = Bp,_,(x), {i, j} = {1, 2} such that ged(n,r) =1 and
N,(b) # *1.




Scattered Linear sebs and semifields

o Semifield &, L-dim over Ni($), Ls~dimensional over its
center Z($)=GF(9)

-> Linear set R($) of rank Ls, digjoint from 2(5.(9°))
~> isotopism class (4] <> orbit of H=H(S1(9*))

ML 2011]

->» $ is a scabtered semifield <=> R($) is scatbered



Scattered Linear sets and semifields

(u,v)*(x,v):(uxﬂ—vﬁl(v),uv*vwF’z(x)) (v a nonsquare i Gﬁ(q))

A) Fi(x) = Fo(x) = A, ,(x) = x? —ax? suchthat gcd(n, r) = 1anda is an element
of F7, with Ny(a) # 1, where N, : Fy» — F, denotes the norm function from [y

over Fg;
B)) Fi(x) = Fa(x) = B, (x) =2H, }(x) —x  such that H,,(x)=x —bx?,

gedin,r)=1and b € IF;,, with N, (b) # %1,
AB) Fi(x) = Ap2,(x), Fj(x) = By _,(x), {i, j} = {1, 2} such that gcd(n,r) =1 and
N,(b) # %1.

Theorem 14 [ ML-Marino-Polverino-Trombelti 2014, 2015]

A) conbains new* semifields

always isotopic to GTF : x*y = xy - Cxavb
AB) contains new* s&mé{i&tds

*neluding Knuth opevaﬁans and exbtension



Thank you for your attention:




